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Abstract

A mathematical model is developed in algorithmic form for the steady-state simulation of gasketed plate heat ex-

changers with generalized configurations. The configuration is defined by the number of channels, number of passes at

each side, fluid locations, feed connection locations and type of channel-flow. The main purposes of this model are to

study the configuration influence on the exchanger performance and to further develop a method for configuration

optimization. The main simulation results are: temperature profiles in all channels, thermal effectiveness, distribution of

the overall heat transfer coefficient and pressure drops. Moreover, the assumption of constant overall heat transfer

coefficient is analyzed.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

For being compact, easy to clean, efficient and very

flexible, the gasketed plate heat exchanger (PHE) is

widely employed in the chemical, food and pharma-

ceutical process industries. The PHE consists of a pack

of gasketed corrugated metal plates, pressed together in

a frame (see Fig. 1). The gaskets on the corners of

the plates form a series of parallel flow channels, where

the fluids flow alternately and exchange heat through the

thin metal plates. The number of plates, their perfora-

tion, the type and position of the gaskets and the loca-

tion of the inlet and outlet connections at the covers

characterize the PHE configuration, which further de-

fines the flow distribution inside the plate pack. The flow

distribution can be parallel, series or any of their various

possible combinations.

The simplified thermal modeling of a PHE in steady

state yields a linear system of first order ordinary dif-

ferential equations, comprising the energy balance for

each channel and the required boundary conditions. The

main assumptions are as follows: plug-flow inside the

channels, constant overall heat transfer coefficient

throughout the exchanger, uniform distribution of flow

in the channels, no heat loss and no heat exchange in the

flow direction. This basic thermal model was presented

by McKillop and Dunkley [1] and by Masubuchi and Ito

[2] for some usual configurations. The Runge–Kutta–

Gill integration method was used to solve the system of

equations. The integration is non-trivial because the

boundary conditions are defined in different extremes of

the channel. Approximate solutions of the thermal

model were developed by Settari and Venart [3] in

polynomial form, and by Zaleski and Klepacka [4] in

exponential form. Both methods lead to good approxi-

mations of the exact solution, but they may not be re-

liable when there is a large difference between fluid heat

capacities.

Kandlikar and Shah [5] developed a method to cal-

culate an approximate thermal effectiveness for large

exchangers, where the effects of the end plates and of the
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changes of passes are less significant and therefore can

be neglected. In this case, the exchanger is divided into a

group of interconnected simpler exchangers with known

effectiveness.

The analytical solution of the system of equations in

matrix form was studied by Zaleski and Jarzebski [6]

and Zaleski [7] for exchangers with series and parallel

flow arrangements (see examples in Fig. 1). Since this

solution method may lead to numerical problems on the

calculation of eigenvalues and eigenvectors, it is not

recommended to exchangers with large number of

channels (see Appendix A).

Kandlikar and Shah [8] and Georgiadis and Mac-

chietto [9] used the finite difference method for the

simulation of PHEs. Kandlikar and Shah [8] simulated

and compared several configurations. It was verified that

higher effectiveness is achieved when the exchanger is

symmetrical (both streams with the same number of

passes) with the passes arranged for countercurrent flow

in the channels. The same results were obtained by

Zaleski and Klepacka [10] when analyzing the thermal

effectiveness of various PHE configurations.

Asymmetrical configurations may yield adjacent

channels with parallel flow and therefore a lower ther-

Nomenclature

a general model parameter

A effective plate heat transfer area, m2

b channel average thickness, m

c coefficient defined in Eqs. (A.3) and (A.4)

Cp fluid specific heat at constant pressure, J/

kg �C
d parameter defined in Eq. (A.2b)

De equivalent diameter of channel, m

DP port diameter of plate, m

E exchanger thermal effectiveness, %

f Fanning friction factor

g gravitational acceleration, g ¼ 9:8 m/s2

GC channel mass velocity, kg/m2 s

GP port mass velocity, kg/m2 s

h convective heat transfer coefficient, W/m2 �C
k fluid thermal conductivity, W/m �C
kP plate thermal conductivity, W/m �C
K consistency parameter, Pa sn

L effective plate length for heat exchange, m

M tridiagonal matrix defined in Eq. (A.2a)

n flow index

N number of channels per pass

NC number of channels

Nu Nusselt number, Nu ¼ hDe=k
P number of passes

Pr Prandtl number, Pr ¼ Cpl=k
R fluid fouling factor, m2 �C/W
Re Reynolds number, Re ¼ GCDe=l
si channel i flow direction parameter, si ¼ þ1

or )1
T temperature, �C
U overall heat transfer coefficient, W/m2 �C
w effective plate width for heat exchange, m

W fluid mass flow rate, kg/s

x coordinate tangential to channel fluid flow,

m

Yf binary parameter for type of channel-flow

Yh binary parameter for hot fluid location

Z eigenvector

Greek symbols

a dimensionless heat transfer parameter de-

fined in Eqs. (8a) and (8b)

b chevron corrugation inclination angle, de-

grees

c shear rate, s�1

DP fluid pressure drop, Pa

eP thickness of metal plate, m

g dimensionless coordinate tangential to

channel fluid flow

h dimensionless fluid temperature

h vector of channel dimensionless fluid tem-

peratures

k eigenvalue

l fluid viscosity, Pa s

lg generalized fluid viscosity for power law

model, Pa s

n duct geometrical parameter

q fluid density, kg/m3

t duct geometrical parameter

/ parameter for feed connection relative lo-

cation

U plate area enlargement factor

Subscripts

c cold fluid

h hot fluid

i ith element

in fluid inlet

m average

out fluid outlet

Superscripts

I side I of exchanger

II side II of exchanger

sideðiÞ side that contains the ith channel, sideðiÞ¼ I

or II
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mal effectiveness for the exchanger is achieved. How-

ever, when the fluids have very different flow rates or

heat capacities, an asymmetrical configuration should be

used depending on the allowable pressure drops. In such

cases, there is no rigorous design method to select the

best configuration, which is made by comparison among

the most common pass-arrangements from thermal ef-

fectiveness and pressure drop viewpoints.

Georgiadis and Macchietto [9] presented a detailed

modeling of a PHE used for milk pasteurization that

couples the dynamic thermal model with the protein-

fouling model. Three different configurations were

compared and the reduction of the overall heat transfer

coefficient, caused by the protein adhesion on the plates,

was studied. The model was solved with the finite differ-

ence method, implemented in the software gPROMS [11].

To the authors knowledge there are no rigorous de-

sign methods for PHEs in the open literature, as there

are for the shell-and-tube exchangers [12]. The design

methods are mostly owned by the equipment manufac-

turers and are suited only for the marketed exchangers

[13]. As an exception, Shah and Focke [14] have pre-

sented a detailed step-by-step design procedure for

rating and sizing a PHE, which is, however, restricted

to parallel flow arrangements.

In all of the aforementioned works, the overall heat

transfer coefficient was considered invariable throughout

the exchanger. For the thermal model, this assumption

results in systems of linear differential equations, sim-

plifying largely its mathematical solution. Nevertheless,

there may be a considerable variation of the overall co-

efficient for some cases, such as the series flow arrange-

ment with equal flow rates of the fluids [15].

The aim of this work is to present a PHE modeling

framework that is suitable for any configuration. The

purpose of developing such model is to study the influ-

ence of the configuration on the exchanger performance

and to further develop an optimization method for rig-

orous configuration selection [16]. The variation of the

overall heat transfer coefficient throughout the ex-

changer is also studied in this work, with respect to the

assumption of a constant value.

The structure of this paper is as follows: first, the

parameterization of the different configurations and the

concept of equivalent configurations are presented, ac-

cording to the work of Pignotti and Tamborenea [17].

Further, the mathematical modeling of a PHE is devel-

oped leading to its simplified and rigorous forms. Since

it is not possible to generate a model that is explicitly a

function of the configuration parameters, the mathe-

matical modeling is developed in algorithmic form. Fi-

nally a simulation example is shown, where the effect of

the assumption of constant overall heat transfer coeffi-

cient is analyzed.

2. Configuration characterization

The configuration of a PHE is defined by the infor-

mation that allows the detailing of the equipment as-

semblage, including the connections on the fixed and

moveable covers, the closed and open ports at each plate

and the type and position of each gasket. To charac-

terize such configuration, six distinct parameters are

used: NC, P I, P II, /, Yh and Yf . These parameters are

described as follows.

2.1. NC: number of channels

A channel is the space comprised between two plates.

The PHE can be represented by a row of channels

numbered from 1 to NC (see Fig. 2a). The odd-numbered

channels belong to side I, and the even-numbered ones

belong to side II (as an analogy to the ‘‘tube’’ and

‘‘shell’’ sides in a shell-and-tube exchanger). N I
C and N II

C

denote the numbers of channels in each side. If NC is

Fig. 1. The plate heat exchanger assemblage, examples of flow distributions and plate main dimensions.
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even, both sides have the same number of channels,

otherwise side I has one more channel. Allowable values

for NC : 2; 3; 4; 5; . . .

2.2. P I and P II: number of passes at sides I and II

A pass is a set of channels where the stream is split

and distributed. For a regular configuration, each side of

the PHE is divided into passes with the same number of

channels per pass (N I and N II). Passes with different

numbers of channels are unusual [13]. The relationship

among NC, P I and P II is given in Table 1 and an example

is shown on Fig. 2b. Allowable values for P I and P II:

respectively, the integer factors of N I
C and N II

C .

2.3. /: feed connection relative location

The feed connection of side I is arbitrarily set to

channel 1 at x ¼ 0. The relative position of the feed of

side II is given by the parameter /, as shown in Fig. 2c

[10,17]. The plate length x is not associated with the top

and bottom of the PHE, neither channel 1 is associated

with the fixed cover. The configuration can be freely

rotated or mirrored to fit the PHE frame. Allowable

values for /: 1, 2, 3, and 4.

2.4. Yh: hot fluid location

This binary parameter assigns the fluids to the ex-

changer sides (see Fig. 2d). If Yh ¼ 1, the hot fluid is at

side I, and cold fluid is at side II. If Yh ¼ 0, the cold fluid

is at side I, and hot fluid is at side II.

2.5. Yf : type of flow in channels

Yf is a binary parameter that defines the type of flow

inside the channels. As shown in Fig. 2e, the flow can be

vertical or diagonal, depending on the gasket type. The

diagonal flow avoids the formation of stagnation areas,

but the vertical flow type is easier to assemble. It is not

possible to use both types together. If Yf ¼ 1, the flow is

diagonal in all channels. If Yf ¼ 0, the flow is vertical in

all channels.

The six parameters can represent any regular con-

figuration, whose number of channels per pass is con-

(a)

(b)

(c)

(d)

(e)

Fig. 2. Spatial characterization of the configuration parame-

ters: (a) NC; (b) example for P I and P II; (c) /; (d) Yh and (e) Yf .

Table 1

Relationship among numbers of channels and passes

Main equations

NC ¼ N I
C þ N II

C N I
C ¼ N IP I N II

C ¼ N IIP II

If NC is even If NC is odd

N I
C ¼ NC

2
N I ¼ NC

2P I N I
C ¼ NCþ1

2
N I ¼ NCþ1

2P I

N II
C ¼ NC

2
N II ¼ NC

2P II N II
C ¼ NC�1

2
N II ¼ NC�1

2P II
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stant at each side of the PHE [17]. A given number of

channels, NC, defines the set of allowable values of the

five remaining parameters. The combination yields a

finite number of possible regular configurations for each

number of channels, as shown in Fig. 3. The disperse

pattern is due to the variation of the number of integer

factors of N I
C and N II

C , for each value of NC.

A configuration example is illustrated in Fig. 4. It

represents a PHE with eight plates (seven channels),

where the hot fluid in side I (Yh ¼ 1) makes two passes

(P I ¼ 2) and the cold fluid in side II makes three passes

(P II ¼ 3). In this example, the inlet of side II is located

next to the inlet of side I (/ ¼ 1, as in Fig. 2c) and the

type of flow in the channels is diagonal (Yf ¼ 1). The

parameter Yf is mostly useful for the exchanger physical

construction, but it may not be necessary for the simu-

lation since its influence over the convective coefficients

and friction factor is usually unknown.

3. Equivalent configurations

For a given value of number of channels and a fixed

type of flow, there may exist equivalent configurations in

terms of the thermal effectiveness and pressure drops.

The identification of equivalent configurations is im-

portant to avoid redundant simulations. The equiva-

lence relies on three remarks, as follows.

(A1) According to the property of flow reversibility,

the inversion of the fluid flow direction in

both sides does not alter the effectiveness of

the PHE [17], nor the pressure drops if an eleva-

tion increase of length ðLþ DPÞ is always ac-

counted for. This property is valid for the ideal

case of no phase change, no heat losses and tem-

perature-independent physical properties for the

fluids [18].
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Fig. 3. Number of possible regular configurations as a function of the number of channels.

Fig. 4. Example of configuration for a PHE with eight plates.
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(A2) When there is a single pass at one side, the flow di-

rection is the same in all of its channels, regardless

of the stream inlet and outlet locations at the first

or last channels. A uniform distribution of flow

throughout the channels is assumed here.

(A3) Simply inverting the direction of x, or numbering

the channels in reverse order, may yield a new

set of configuration parameters.

A methodology to detect equivalent configurations is

presented in Table 2. For each set of NC; P I; P II and Yf ,
there are groups of values of the parameter / that result

in equivalent configurations. In the case of an even-

numbered NC, sides I and II have the same number of

channels and can support the same passes. Therefore

fluids can switch sides, which enables the equivalency

between Yh ¼ 0 and Yh ¼ 1. For example, if NC ¼ 20,

P I ¼ 2 and P II ¼ 5 (for any given value for Yf ), using
/ ¼ 1 and Yh ¼ 1 is equivalent of using / ¼ 2 and

Yh ¼ 0 with P I ¼ 5 and P II ¼ 2 (see Table 2). An ex-

ample of equivalency among four different configura-

tions, their relationship and how remarks A1, A2 and

A3 apply is shown in Fig. 5.

It is important to note that the single-pass ‘‘U-Type’’

exchanger, where the inlet and outlet connections are

located at the fixed cover, cannot be represented directly

by the proposed configuration parameters. However,

due to remark A2, the ‘‘U-Type’’ exchanger is equivalent

Table 2

Identification of equivalent configurations

NC (P I, P II) Groups of equivalent values of /

Odda ð1; 1Þ; ð1;oddÞ; ðodd; 1Þ f1; 3g; f2; 4g
ð1; evenÞ; ðeven; 1Þ f1; 2; 3; 4g
ðodd;oddÞ; ðeven; evenÞ f1g; f2g; f3g; f4g
ðodd; evenÞ; ðeven;oddÞ f1; 2g; f3; 4g

Evenb ð1; 1Þ; ð1;oddÞ; ðodd; 1Þ f1h; 3h; 1c; 3cg; f2h; 4h; 2c; 4cg
ð1; evenÞh f1h; 4h; 2c; 4cg; f2h; 3h; 1c; 3cg
ðeven; 1Þh f1h; 3h; 2c; 3cg; f2h; 4h; 1c; 4cg
ð1; evenÞc f1c; 4c; 2h; 4hg; f2c; 3c; 1h; 3hg
ðeven; 1Þc f1c; 3c; 2h; 3hg; f2c; 4c; 1h; 4hg
ðodd;oddÞ; ðeven; evenÞ f1h; 1cg; f2h; 2cg; f3h; 3cg; f4h; 4cg
ðodd; evenÞ; ðeven;oddÞ f1h; 2cg; f2h; 1cg; f3h; 3cg; f4h; 4cg

a Equivalent configurations have the same value for Yh (0 or 1).
b ‘‘h’’ denotes Yh ¼ 1 and ‘‘c’’ denotes Yh ¼ 0. When changing Yh, switch P I and P II.

 

Fig. 5. Example of four equivalent configurations with NC ¼ 6 and Yf ¼ 1.
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to a ‘‘Z-Type’’ exchanger, where inlet and outlet con-

nections are located at opposite covers, which can be

represented by the proposed parameters. Nevertheless,

the assumption of equivalency between ‘‘U-Type’’ and

‘‘Z-Type’’ PHEs may not hold for exchangers with large

number of channels because there may be a considerable

difference in the flow and pressure distributions [19].

4. Mathematical modeling of the PHE

The following assumptions were considered in order

to derive the mathematical model.

(B1) Steady-state operation.

(B2) No heat loss to the surroundings.

(B3) No heat exchange in the direction of flow.

(B4) Plug-flow inside the channels.

(B5) Uniform distribution of flow through the channels

of a pass.

(B6) Perfect mixture of fluid in the end of a pass.

(B7) No phase changes.

The fluid inside a channel exchanges heat with the

neighbor channels through the thin metal plates, as

shown in Fig. 6 [1]. Applying the energy balance to the

control volume shown in Fig. 6 it is possible to derive

the differential equation for the channel temperature Ti,
presented in Eq. (1), where U is the area enlargement

factor (which accounts for the corrugation wrinkles) and

Ui is the overall heat transfer coefficient between chan-

nels i and iþ 1.

dTi
dx

¼ siwUUi�1

WiCpi

ðTi�1 � TiÞ þ
siwUUi

WiCpi

ðTiþ1 � TiÞ ð1Þ

The direction of flow in channel i is given by the binary

variable si. If the flow follows the direction of x, then
si ¼ þ1; otherwise, si ¼ �1. The mass flow rate inside

channel i, Wi , is obtained by Eq. (2) according to as-

sumption B5. It is known that this assumption may not

hold for passes with a large number of channels [19].

However, there is no rigorous modeling of this behavior.

In Eq. (2), Wi depends on fluid-selection and on the

number of channels per pass N (see Table 1), where

sideðiÞ refers to the side that contains channel i. The flow
rates in each side, W I and W II, are associated to the hot

and cold fluid flow rates through the parameter Yh (see

Fig. 2d).

Wi ¼
W sideðiÞ

N sideðiÞ ; i ¼ 1; . . . ;NC; sideðiÞ ¼ fI; IIg ð2Þ

The overall heat transfer coefficient Ui between

channels i and iþ 1 is given by Eq. (3) as a function of

the fluid convective heat transfer coefficient h, the plate

thermal conductivity kP, the thickness of the plate eP and
the fouling factors Rh and Rc for hot and cold streams,

respectively (see Fig. 6 for a graphical representation of

Eq. (3)).

1

Ui
¼ 1

hi
þ 1

hiþ1

þ eP
kP

þ Rh þ Rc; i ¼ 1; . . . ; ðNC � 1Þ

ð3Þ

The length of the path x and the channel fluid tem-

perature TiðxÞ are converted into dimensionless form

Fig. 6. Control volume for derivation of energy balance in an upward flow channel.
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using Eqs. (4) and (5). The dimensionless differential

equations for channel temperature are presented in Eqs.

(6a)–(6c), where A ¼ UwL is the effective plate heat

exchange area.

gðxÞ ¼ x
L
; 06 g6 1 ð4Þ

hiðTiÞ ¼
Ti � Tc;in
Th;in � Tc;in

; 06 h6 1 ð5Þ

dh1

dg
¼ s1A
W1Cp1

½U1ðh2 � h1Þ	 first channel ð6aÞ

dhi
dg

¼ siA
WiCpi

½Ui�1ðhi�1 � hiÞ þ Uiðhiþ1 � hiÞ	

channel i: ð1 < i < NCÞ ð6bÞ

dhNC

dg
¼ sNC

A
WNC

CpNC

½UNC�1ðhNC�1 � hNC
Þ	 last channel

ð6cÞ

The overall heat transfer coefficient is a function of

the fluid temperature in the channels (Eq. (3)), which

depends on g. Since this makes Ui also a function of g,
the solution of the system of differential Eqs. (6a)–(6c) is

not straightforward. However, if the fluid physical

properties are assumed constant, Eqs. (6) can be sim-

plified to Eqs. (7), where the coefficients aI and aII are

given, respectively, by Eqs. (8a) and (8b) as functions of

the constant overall heat transfer coefficient U . Note

that channel 1 is always assigned to side I (Eq. (7a)).

dh1

dg
¼ s1aIð�h1 þ h2Þ first channel ð7aÞ

dhi
dg

¼ siasideðiÞðhi�1 � 2hi þ hiþ1Þ

channel i: ð1 < i < NCÞ; sideðiÞ ¼ fI; IIg ð7bÞ

dhNC

dg
¼ sNC

asideðNCÞðhNC�1 � hNC
Þ

last channel; sideðNCÞ ¼ fI; IIg ð7cÞ

aI ¼ AUN I

W ICI
pm

ð8aÞ

aII ¼ AUN II

W IICII
pm

ð8bÞ

Consequently, the system of Eqs. (6a)–(6c) is reduced

to a linear system of ordinary differential Eqs. (7a)–(7c),

which can be solved analytically. For details on the

analytical solution of such system, please refer to Ap-

pendix A.

The necessary thermal boundary conditions for both

the simplified model (defined by Eqs. (7)) and the dis-

tributed-U model (defined by Eqs. (3) and (6)) are pre-

sented in Table 3. Every channel requires a boundary

condition equation for its inlet temperature. The inlet

position of channel i is determined by the value of si. If
si ¼ þ1, the inlet is located at position g ¼ 0; otherwise

the inlet is located at g ¼ 1. The number and structure of

the required boundary equations must be defined ac-

cording to the configuration parameters. For example,

Eqs. (9a)–(9i) are the boundary conditions for the PHE

in Fig. 4

h1ðg ¼ 0Þ ¼ hh;in ¼ 1 ð9aÞ

h2ðg ¼ 0Þ ¼ hc;in ¼ 0 ð9bÞ

h3ðg ¼ 0Þ ¼ hh;in ¼ 1 ð9cÞ

h4ðg ¼ 1Þ ¼ h2ðg ¼ 1Þ ð9dÞ

h5ðg ¼ 1Þ ¼ h1ðg ¼ 1Þ þ h3ðg ¼ 1Þ
2

ð9eÞ

h6ðg ¼ 0Þ ¼ h4ðg ¼ 0Þ ð9fÞ

h7ðg ¼ 1Þ ¼ h1ðg ¼ 1Þ þ h3ðg ¼ 1Þ
2

ð9gÞ

hh;out ¼
h5ðg ¼ 0Þ þ h7ðg ¼ 0Þ

2
ð9hÞ

hc;out ¼ h6ðg ¼ 1Þ ð9iÞ

The thermal effectiveness and the pressure drop cal-

culations are needed for performance evaluation of the

heat exchanger. Once the system of equations is solved

and the outlet temperatures are obtained, the exchanger

thermal effectiveness E is calculated using Eq. (10a) (side

I as reference) or (10b) (side II as reference). Note that

Table 3

Thermal boundary conditions for the PHE modeling

Boundary condition Equation form

Fluid inlet: the temperature at the entrance of the first pass is the

same as the stream inlet temperature

hiðgÞ ¼ hfluid;in, i 2 first pass

Change of pass: there is a perfect mixture of the fluid leaving the

channels of a pass, before entering the next one

hiðgÞ ¼ 1
N

PN
j2previous pass hjðgÞ; i 2 current pass

Fluid outlet: the stream outlet temperature results from a perfect

mixture of the fluid leaving the last pass

hfluid;out ¼ 1
N

PN
j2last pass hjðgÞ
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the overall energy conservation implies that E ¼ EI ¼
EII.

EI ¼
W ICI

pm
jhin � houtjI

minðW ICI
pm
;W IICII

pm
Þ ð10aÞ

EII ¼
W IICII

pm
jhin � houtjII

minðW ICI
pm
;W IICII

pm
Þ ð10bÞ

The dimensionless forms of Eqs. (10a) and (10b),

presented in Eqs. (10c) and (10d), are obtained using

Eqs. (8a) and (8b) and may be used with the simplified

simulation model.

EI ¼ N I

aI
max

aI

N I
;
aII

N II

� �
jhin � houtjI ð10cÞ

EII ¼ N II

aII
max

aI

N I
;
aII

N II

� �
jhin � houtjII ð10dÞ

The fluid pressure drop at sides I and II, DP I and

DP II, can be calculated by Eq. (11) [13,14]. The first term

in the right-hand side evaluates the friction loss inside

the channels, where GC denotes the channel mass ve-

locity (Eq. (12a)), f is the Fanning friction factor, De is

the channel equivalent diameter (Eq. (13)) and the

channel dimensions are shown in Fig. 1. The second

term in the right-hand side represents the pressure drop

for port flow, where GP is the port mass velocity (Eq.

(12b)). The last term is the pressure variation due to an

elevation change. Since the gravitational acceleration

direction is not necessarily associated to the vertical di-

mension g and there is no information on the pump

location, this term is always considered. Therefore, the

pressure drop may be overestimated.

DP ¼ 2f ðLþ DPÞPG2
C

qmDe

� �
þ 1:4 P

G2
P

2qm

� �
þ qmgðLþ DPÞ for sides I and II ð11Þ

GC ¼ W
Nbw

for sides I and II ð12aÞ

GP ¼ 4W
pD2

P

for sides I and II ð12bÞ

De ¼
4bw

2ðbþ wUÞ �
2b
U

ð13Þ

The necessary correlations for the calculation of

convective coefficients and friction factors are presented

in Eqs. (14a) and (14b). Usual values for the empirical

parameters a1 to a6 are supplied in the works of Shah

and Focke [14], Saunders [20] and Mehrabian et al. [21].

Nu ¼ a1Rea2Pra3 for sides I and II ð14aÞ

f ¼ a4 þ
a5
Rea6

for sides I and II ð14bÞ

If the fluid has non-Newtonian behavior, Re and Pr
should be calculated using the generalized viscosity, lg,

defined in Eq. (15a) for the reological model of power

law (note that lg is not the apparent viscosity). The

definition of the geometric parameters t and n is pre-

sented by Delplace and Leuliet [22] for cylindrical ducts

of arbitrary cross-section, including the PHE channel.

Since the power law parameters n and K are valid for a

certain range of shear rate, Eq. (15b) is important to

evaluate the shear rate at the plate wall, c, and thus

validate the PHE simulation results.

lg ¼ Knn�1 GC

qDe

� �n�1 tnþ 1

ðt þ 1Þn

� �n

ð15aÞ

c ¼ n
GC

qDe

� �
tnþ 1

ðt þ 1Þn

� �
ð15bÞ

In summary, the distributed-U mathematical thermal

modeling of a PHE is defined by Eq. (3) (overall heat

transfer coefficient), Eqs. (6a)–(6c) (channel fluid tem-

perature), Eqs. (10a) and (10b) (thermal effectiveness),

Eqs. in Table 3 (boundary conditions), Eq. (14a) and the

equations for the temperature dependence of the physi-

cal properties of the fluids. For the simplified model, in

which a constant overall heat transfer coefficient is as-

sumed, the new channel fluid temperature equations are

Eqs. (7a)–(7c) where the heat transfer parameters aI and

aII are obtained with Eqs. (8a) and (8b). For the calcu-

lation of U , one must assume a certain thermal effec-

tiveness for the PHE, calculate the corresponding outlet

temperatures of the fluids and then the average values of

their physical properties. The constant convective coef-

ficients hhot and hcold are obtained with Eq. (14a) and

they are used in Eq. (3) to evaluate U . For both dis-

tributed-U and simplified models the pressure drops are

calculated with Eqs. (11) and (14b) using the average

values for fluid physical properties.

5. Simulation of PHEs with generalized configurations

The mathematical modeling of a PHE, for the cal-

culation of its thermal effectiveness and fluid pressure

drops, was presented in the previous section. However, it

is not possible to derive a model that is explicitly a

function of the configuration parameters, especially be-

cause of the binary variable si and the required thermal

boundary conditions shown in Table 3. To overcome

this limitation, the mathematical modeling for general-

ized configurations was developed in the form of an

‘‘assembling algorithm’’. Given the configuration pa-

rameters, this algorithm guides the construction of the

complete mathematical model of the PHE and the sim-

ulation at steady state operation. The assembling algo-

rithm for the simplified model has 13 steps as follows.
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(1) The required data for the PHE ðL;w; b;DP;
eP;U; kPÞ, for the hot and cold fluids ðTin;W ; qm;
lm;Cpm ; km;R; a1; . . . ; a6Þhot;cold and the configura-

tion parameters (NC; P I; P II;/; Yh; Yf ) are read.

(2) The parameter Yh assigns all fluid data to sides I

and II.

(3) The number of channels per pass at each side, N I

and N II, are calculated depending on the value of

NC (see Table 1).

(4) Pressure drops for both sides of the PHE, DP I and

DP II, are calculated with Eqs. (11), (12) and (14b).

(5) Coefficients aI and aII are obtained by Eqs. (8),

using U , which is obtained from Eq. (3) using

the constant convective heat transfer coefficients

hI and hII (Eq. (14a)).
(6) The values of si (i ¼ 1; . . . ;NC) are determined.

These depend on the configuration parameters

NC; P I; P II and /. The structure of this step is pre-

sented in Appendix B.

(7) The assembling of the system of equations starts

with the differential equations for the PHE inner

channels, using Eq. (7b).

(8) Differential equations for the temperature in the

first and last channels (Eqs. (7a) and (7c), respec-

tively) are included in the system.

(9) Boundary conditions for the channels in side I are

generated in the format shown in Table 3. The fluid

path inside the exchanger, from inlet to outlet,

needs to be followed in order to determine the

connections among the channels and passes. See

Appendix B for the detailing of this step.

(10) Boundary conditions for side II are also generated.

However, each value of the parameter / requires a

specific treatment. The parameters NC and P II de-

termine the fluid path of side II, and / determines

the flow direction inside this path and thus the con-

nections of the channels of each pass and the

boundary conditions defined at g ¼ 0 and g ¼ 1.

Details are presented in Appendix B.

(11) Equations of thermal effectiveness for both sides,

EI and EII, are included in dimensionless form

(Eqs. (10c) and (10d)).

(12) The resulting system of equations, defined by the

differential equations on the temperature in each

channel, the boundary conditions equations and

the effectiveness equations, is solved by numerical

or analytical methods.

(13) The main simulation results, such as pressure drops

and outlet temperatures for sides I and II (which

are assigned to the hot and cold streams using

Yh), as well as the PHE thermal effectiveness, are

obtained.

The derivation of the assembling algorithm for the

distributed-U model is straightforward. Since coeffi-

cients aI and aII are no longer used, step 5 should be

discarded. Eqs. (6a)–(6c) need to be used instead of Eqs.

(7a)–(7c) (which are in dimensionless form). The equa-

tions for the hot and cold fluids physical properties de-

pendence upon temperature for each channel (Cpi ; li and

ki, 16 i6NC) are needed in the system of equations.

Note that the even-numbered and odd-numbered chan-

nels contain different fluids (which are assigned to sides I

and II by the configuration parameter Yh) and therefore

are described by different equations of physical proper-

ties.

The equations for the channel dimensionless numbers

(Rei;Nui and Pri, 16 i6NC) and the correlation for their

relationship (Eq. (14a)) need to be included in the system

of equations. Finally, Eq. (3)) for overall heat transfer

coefficients Ui (16 i6NC � 1) are also required in the

system of equations. In step 11, Eqs. (10a) and (10b) for

the effectiveness calculation are to be used instead of

Eqs. (10c) and (10d) (which depend on aI and aII).

In step 12, the solution of the simplified model can be

carried out by both analytical (see Appendix A) or nu-

merical methods. For the distributed-U model, the

modifications increase largely the size and complexity of

the generated system of equations (which is no longer

linear), hence a numerical solution approach is neces-

sary. In this work, a second order centered finite differ-

ence method was adopted in the implementation of

the assembling algorithm for both simplified and dis-

tributed-U models. In the finite difference method, all

variables depending on the plate length g are discretized

with respect to this dimension. Several schemes were

tested and 20 discretization intervals within g ¼ ½0; 1	
showed to be enough to obtain excellent numerical re-

sults. In the work of Georgiadis and Macchietto [9], a

similar discretization scheme was used for the dynamic

simulation of PHEs that yields accurate results.

The software gPROMS [11] is used for the problem

solution. A computer program was developed to run

steps 1–11 of the assembling algorithm. After reading

the data, the program makes all necessary calculations,

generates a report and creates the formatted input file

for gPROMS. This procedure made the simulation of

different configurations much simpler and flexible.

6. Simulation example

The assembling algorithm presented in the last sec-

tion was applied for the simulation of the process of

cooling a sucrose solution (60� Brix) using cold water in

a PHE with 36 channels and a symmetrical configura-

tion. Both simplified and distributed-U models were

used and the results were compared. The required data

for this problem is shown in Table 4. The inlet temper-

atures were selected to obtain a large variation on the

viscosity of the sucrose solution that is a viscous New-

tonian fluid. Eqs. (16) and (17), were used for the tem-

2580 J.A.W. Gut, J.M. Pinto / International Journal of Heat and Mass Transfer 46 (2003) 2571–2585



perature-dependence of the physical properties when

using the distributed-U model. For the simplified model,

the average properties were estimated assuming a ther-

mal effectiveness of 75 % for the PHE (units as in the

nomenclature)

q ¼ �1:451 10�3T 2 � 0:4281T þ 1296

ðsucrose 60� Brix; 06 T 6 60 �CÞ ½24	 ð16aÞ

logðlÞ ¼ �4:513þ 421:8

T þ 108:5

ðsucrose 60� Brix; 06 T 6 80 �CÞ ½24	 ð16bÞ

Cp ¼ 4:803T þ 2696

ðsucrose 60� Brix; 06 T 6 100 �CÞ ½25	 ð16cÞ

k ¼ �3:696 10�6T 2 þ 1:201 10�3T þ 0:3825

ðsucrose 60� Brix; 06 T 6 80 �CÞ ½24	 ð16dÞ

q ¼ 2:080 10�5T 3 � 6:668 10�3T 2 þ 0:04675T þ 999:9

ðwater; 06 T 6 90 �CÞ ½26	 ð17aÞ

1

l
¼ 21:482 ðT

�
� 8:435Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8078:4þ ðT � 8:435Þ2

q �
� 1200 ðwater; 06 T 6 100 �CÞ ½27	 ð17bÞ

Cp ¼ 5:2013 10�7T 4 � 2:1528 10�4T 3

þ 4:1758 10�2T 2 � 2:6171T þ 4227:1

ðwater; 06 T 6 260 �CÞ ½28	 ð17cÞ

k ¼ 0:5692þ T
538

� T 2

133; 333

ðwater; 06 T 6 90 �CÞ ½26	 ð17dÞ

The main simulation results are presented in Table 5

and the temperature profiles in the channels and distri-

bution of the temperature difference between channels

(obtained by the distributed-U model) are presented in

Fig. 7a and b, respectively. The distribution of the

overall heat transfer coefficient throughout the ex-

changer is shown in Fig. 7c for both mathematical

models. The results from the distributed-U model show

Table 4

Required data for the example of simulation

Plates (stainless steel 360, chevron) Configuration

L ¼ 74:0 cm b ¼ 45�
w ¼ 23:6 cm U ¼ 1:17 NC ¼ 36 / ¼ 3

b ¼ 2:7 mm eP ¼ 0:7 mm P I ¼ 2 Yh ¼ 1

DP ¼ 5:9 cm kP ¼ 17 W/m �C [20] P II ¼ 2 Yf ¼ 1

Hot fluid (sucrose sol. 60� Brix) Cold fluid (clean water)

Tin;hot ¼ 35:0 �C Tin;cold ¼ 1:0 �C
Whot ¼ 1:30 kg/s Wcold ¼ 1:30 kg/s

Rf ;hot ¼ 8:6 10�5 m2 �C/W [23] Rf ;cold ¼ 1:7 10�5 m2 �C/W [23]

qhot ¼ 1286 kg/m3 [24] qcold ¼ 1000 kg/m3 [26]

lhot ¼ 5:15 10�2 Pa s [24] lcold ¼ 1:33 10�3 Pa s [27]

CPhot ¼ 2803 J/kg �C [25] CPcold ¼ 4206 J/kg �C [28]

khot ¼ 0:407 W/m �C [24] kcold ¼ 0:584 W/m �C [26]

a1;hot ¼ 0:400 [20] a1;cold ¼ 0:300 [20]

a2;hot ¼ 0:598 [20] a2;cold ¼ 0:663 [20]

a3;hot ¼ 0:333 [20] a3;cold ¼ 0:333 [20]

a4;hot ¼ 0:000 [20] a4;cold ¼ 0:000 [20]

a5;hot ¼ 18:29 [20] a5;cold ¼ 1:441 [20]

a6;hot ¼ 0:652 [20] a6;cold ¼ 0:206 [20]

Table 5

Main results for the simulation example

Variable Distributed-U model Simplified model Deviation (%)

PHE thermal effectiveness (%) 73.4 73.9 0.7

Sucrose solution outlet temp. (�C) 10.0 9.9 1.0

Water outlet temp. (�C) 17.6 17.7 0.6

Sucrose solution pressure drop (kPa) 81.4 –

Water pressure drop (kPa) 21.1 –

Number of variables after discretization 6795 760 –

CPU time on 450 MHz PC (s) 8.6 0.3 –
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that U varies from 866 to 1219 W/m2 �C, whereas the

simplified model was solved with an average value of

1046 W/m2 �C. Despite this significant difference, the

main simulation results obtained by both models are

very close (see Table 5), with a deviation of only 0.7%

for the exchanger effectiveness.

The difference between the temperature profiles ob-

tained by both models is not significant. The largest

deviation obtained is 0.82 �C for the profile of channel

17 around g ¼ 0:7. The average absolute deviation for

this problem is 0.48 �C. When processing thermal-sen-

sitive products, the analysis of the temperature profiles

(like the ones in Fig. 7a) is important to determine the

maximum and minimum temperatures of the product in

the PHE. It is interesting to note in Fig. 7b that at the

bottom part of plate 19, the sucrose solution is being

heated up. This occurs because plate 19 is located near

the change of passes of sides I and II. As already noted

by Kandlikar and Shah [5], the first and last channels

and the ones adjacent to the changes of pass have a

lower thermal efficiency. Bassiouny and Martin [29] have

also pointed out that reversed or zero heat flow may be

obtained in the central plates of a multi-pass PHE due

to the iteration among passes.

The assembling algorithm allows the study of the

sensitivity of the PHE performance to the configuration

parameters. For instance, parameter / does not affect

the pressure drop calculation, however, it influences the

thermal effectiveness of the PHE. For this simulation

example, if / ¼ 1 is used instead of / ¼ 3 (see Fig. 2c),

the flow between adjacent channels is mostly parallel

and the effectiveness of the exchanger drops from 73.4%

to 58.1%. This shows how critical the selection of the

configuration of a PHE can be. The fully usage of the

admissible pressure drops of hot and cold streams can-

not assure the highest effectiveness if a poor configura-

tion is selected.

Several simulation examples comprising different

configurations, fluids and plate geometries were made. It

was verified that even with a remarkable difference in the

distribution of the overall heat transfer coefficient, there

is a small difference between the main simulation results

obtained from both distributed-U and simplified mod-

els. The obtained deviations between models were under

1.5%, with respect to E. It was also verified that remark

A1 (for equivalent configurations) holds for the dis-

tributed-U model, i.e. the difference among the effec-

tiveness of equivalent PHEs calculated by the

distributed-U model is small.

The number of variables after the discretization by

the finite difference method is approximately nine times

larger for the distributed-U model. To make the solution

of large exchangers achievable, the ‘‘block decomposi-

tion’’ option of gPROMS is used, where the system of

equations is decomposed into smaller systems. Even

with this option, the solution of exchangers with hun-

dreds of plates using the distributed-U model requires 1–

15 min in a 450 MHz PC with 128 Mb-RAM, depending

on the exchanger configuration. For the case of smaller

exchangers, as the example, the solution is achieved

within seconds (see Table 5).
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Fig. 7. Distribution of temperature and overall heat transfer

coefficient throughout the PHE for the simulation example.
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7. Conclusions

The configuration of a plate heat exchanger (PHE)

was characterized by a set of six parameters and a

methodology to detect equivalent configurations was

presented. Based on this parameterization, a detailed

mathematical model for the simulation of a PHE in

steady-state with a general configuration was developed

in algorithmic form. This assembling algorithm made

the simulation and comparison of different configura-

tions more flexible. An important feature of the pro-

posed algorithm is that it may be coupled to any

procedure to solve the system of differential and alge-

braic equations.

The assumption of constant overall heat transfer

coefficient throughout the exchanger, often used for the

mathematical modeling, was tested and showed little

influence over the main simulation results for heat ex-

change (thermal effectiveness and outlet temperatures).

The presented assembling algorithm is an important

tool for the study of the influence of the configuration

on the exchanger performance, and can be further used

to develop optimization methods for selecting the plate

heat exchanger configuration. Research in this area is

currently under development [16].
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Appendix A. Analytical solution of the PHE thermal

model

The thermal modeling of a PHE, assuming constant

fluid physical properties, yields a linear system of ordi-

nary differential equations, previously presented in Eqs.

(7a)–(7c). This system is represented in matrix form in

Eq. (A.1) [7], where the structure of the tridiagonal

matrix M is shown is Eqs. (A.2a) and (A.2b) and h is the

vector of channel dimensionless fluid temperatures hiðgÞ

dh
dg

¼ Mh ðA:1Þ

M ¼

�d1 þd1 0 0 � � � 0

þd2 �2d2 þd2 0 � � � 0

0 þd3 �2d3 þd3 ..
.

..

.
0

0 � � � 0 þdNC�1 �2dNC�1 þdNC�1

0 � � � 0 0 þdNC
�dNC

2
666666664

3
777777775

ðA:2aÞ

di ¼ siasideðiÞ; i ¼ 1; . . . ;NC; sideðiÞ ¼ fI; IIg ðA:2bÞ

The solution of Eq. (A.1) is given by Eq. (A.3), where

kj and Zj are, respectively, the corresponding eigenvalues
and eigenvectors of matrix M [30].

hðgÞ ¼
XNC

j¼1

cjZj expðkjgÞ ðA:3Þ

In order to determine the coefficients cj, the ‘‘fluid

inlet’’ and ‘‘change of pass’’ boundary conditions (see

Table 3) must be applied to generate a linear system of

algebraic equations whose variables are cj (16 j6NC).

The system can be solved by using techniques such as

Gaussian elimination or LU matrix decomposition [30].

Zaleski and Jarzebski [6] showed that matrix M has

one null eigenvalue and that there may be a second null

eigenvalue if the PHE has a series-flow arrangement

with a number of channels multiple of four. In such

cases, Eq. (A.4) must be used instead of Eq. (A.3).

hðgÞ ¼
XNC�2

j¼1

cjZj expðkjgÞ þ cNC�1ZNC�1g þ cNC
ZNC

ðA:4Þ

Appendix B. Detailing of steps 6, 9 and 10 of the

assembling algorithm

In step 6 of the assembling algorithm, the channel

flow direction parameters si (i ¼ 1; . . . ;NC) are deter-

mined. A procedure for the determination of this vari-

able is presented as follows:

For p ¼ 1 to P I f1
For n ¼ 1 to N I f2

i ¼ 2ðp � 1ÞN I þ 2n� 1

si ¼ ð�1Þpþ1 g2 g1
For p ¼ 1 to P II f1
For n ¼ 1 to N II f2

i ¼ 2ðp � 1ÞN II þ 2n
If / ¼ 1: si ¼ ð�1Þpþ1

If / ¼ 2 : si ¼ ð�1Þp
If / ¼ 3: si ¼ ð�1ÞP

IIþp

If / ¼ 4: si ¼ ð�1ÞP
IIþpþ1 g2 g1

Note that f1g1 and f2g2 indicate distinct loops. This

procedure to determine si can be easily implemented in

usual programming languages.

The thermal boundary conditions for the system of

equations (see Table 3) are built in steps 9 and 10 of the

algorithm, respectively, for sides I and II of the PHE.

Since the fluid path inside the exchanger needs to be

followed in order to determine the connections among

channels and passes, obtaining the boundary conditions
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Table 6

Detailing of step 9 of the assembling algorithm

Boundary conditions for side I

Fluid inlet Fluid outlet

For n ¼ 1 to N I {1 hI
out ¼

1

N I

XN I

i¼1

h2ðP I�1ÞN Iþ2i�1 g ¼ ð�1ÞP
Iþ1 þ 1

2

 !
h2n�1ðg ¼ 0Þ ¼ hI

in }1

Change of pass

For p ¼ 2 to P I {1

For n ¼ 1 to N I {2

h2ðp�1ÞN Iþ2n�1 g ¼ ð�1Þp þ 1

2

� �
¼ 1

N I

XN I

i¼1

h2ðp�2ÞN Iþ2i�1 g ¼ ð�1Þp þ 1

2

� �
}2 }1

Table 7

Detailing of step 10 of the assembling algorithm

Boundary conditions for side II when / ¼ 1

Fluid inlet Fluid outlet

For n ¼ 1 to N II {1 hII
out ¼

1

N II

XN II

i¼1

h2ðP II�1ÞN IIþ2i g ¼ ð�1ÞP
IIþ1 þ 1

2

 !
h2nðg ¼ 0Þ ¼ hII

in g1

Change of pass

For p ¼ 2 to P II {1

For n ¼ 1 to N II {2

h
2ðp�1ÞN II þ 2n g ¼ ð�1Þp þ 1

2

� �
¼ 1

N II

XN II

i¼1

h2ðp�2ÞN IIþ2i g ¼ ð�1Þp þ 1

2

� �
}2 }1

Boundary conditions for side II when / ¼ 2

Fluid inlet Fluid outlet

For n ¼ 1 to N II {1 hII
out ¼

1

N II

XN II

i¼1

h2ðP II�1ÞN IIþ2i g ¼ ð�1ÞP
II

þ 1

2

 !
h2nðg ¼ 1Þ ¼ hII

in }1

Change of pass

For p ¼ 2 to P II{1

For n ¼ 1 to N II {2

h2ðp�1ÞN IIþ2n g ¼ ð�1Þpþ1 þ 1

2

 !
¼ 1

N II

XN II

i¼1

h2ðp�2ÞN IIþ2i g ¼ ð�1Þpþ1 þ 1

2

 !
}2 }1

Boundary conditions for side II when / ¼ 3

Fluid inlet Fluid outlet

For n ¼ 1 to N II {1 hII
out ¼

1

N II

XN II

i¼1

h2i g ¼ ð�1ÞP
IIþ1 þ 1

2

 !
h2ðP II�1ÞN IIþ2nðg ¼ 0Þ ¼ hII

in }1

Change of pass

For p ¼ 2 to P II {1

For n ¼ 1 to N II {2

h2ðp�2ÞN IIþ2n g ¼ ð�1ÞP
IIþp þ 1

2

 !
¼ 1

N II

XN II

i¼1

h2ðp�1ÞN IIþ2i g ¼ ð�1ÞP
IIþp þ 1

2

 !
}2 }1

Boundary conditions for Side II when / ¼ 4

Fluid inlet Fluid outlet

For n ¼ 1 to N II {1 hII
out ¼

1

N II

XN II

i¼1

h2i g ¼ ð�1ÞP
II

þ 1

2

 !
h2ðP II�1ÞN IIþ2nðg ¼ 1Þ ¼ hII

in }1

Change of pass

For p ¼ 2 to P II {1

For n ¼ 1 to N II {2

h2ðp�2ÞN IIþ2n g ¼ ð�1ÞP
IIþpþ1 þ 1

2

 !
¼ 1

N II

XN II

i¼1

h2ðp�1ÞN IIþ2i g ¼ ð�1ÞP
IIþpþ1 þ 1

2

 !
}2 }1
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of exchangers with large number of plates is not a simple

task. An automatic procedure to generate the set of

boundary conditions equations is presented in Tables 6

and 7 for sides I and II of the exchanger, respectively.
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